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Abstract
Using an effect-barrier height method, we investigate theoretically the influence of the coupling between normal and lateral
motions of an electron on the surface electron states in a semi-infinite Al0.3 Ga0.7 As/GaAs superlattice with a cap layer
consisting of ternary mixed crystal Alx Ga1−x As within the framework of effective-mass theory. Previous works on the surface
states in semi-infinite superlattice paid much less attention to the coupling effect. However, our study showed that the coupling
effect cannot be neglected when the difference of the effective mass of the electron between the well and barrier layers exists. It
is found that the existence and features of the surface electron states, especially the higher-lying surface electron states, as well
as the energy positions and widths of the miniband and minigaps are sensitively dependent on the transverse wave number. A
brief analysis of these results is given.
 2004 Elsevier B.V. All rights reserved.
PACS: 73.20.-r; 73.20.Dx

1. Introduction
Rapid advances in epitaxial growth techniques
make it possible to fabricate a variety of superlattices
(SLs) such as periodic, quasiperiodic and random SLs
from various kinds of materials including semiconductors, metals and magnetically ordered materials with
well-controlled the thickness of each layer and compositions. These man-made structures have received con* Corresponding authors.
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siderable attention for many years owing to their novel
physical properties, which can be tailored and controlled. It is well known that the energy spectrum of an
ideal infinite SL is composed of minibands alternating
with minigaps. The localized electron states exist possibly in the minigap if any deviations of the structure
from strict periodicity appear by the existence of inhomogeneities such as a surface [1–6], structural defect [7–9]. Similar phenomena can also be found in
acoustic [10,11] and optical vibrations [12–14] in such
structures. Surface electron states should be considered when we design heterostrucutre devices, since
surface is a necessity in reality. The properties of the
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surface electron states in SLs have been extensively
investigated both experimentally [4–6,15] and theoretically [16–24] during the past two decades. By terminating a GaAs/Ga1−x Alx As SL with an AlAs (or
Al0.15 Ga0.85As) layer, Ohno et al. have made the first
observation of electronic states localized at an internal surface by using a combination of photoluminescence (PL), photoluminescence excitation (PLE) and
photocurrent (PC) spectroscopies, and calculated the
energies of the surface electron states and the extended
states for nine wells according to the envelope function approximation (EFA) [5,6]. The effect of the SL
surface on the electronic properties was studied by
modifying the bulk parameters and keeping the surface parameters fixed [16,20,24], or by changing the
height of the substrate barrier and the SL parameters [17,22,23]. The surface electron states in the presence of the cap layer [25] or electric field [18] were
also reported. More recently, a comprehensive review
of the localized electron states in SLs, in particular,
surface electron states, occurring at the terminatingbarrier/superlattice interface was given by Stȩślicka
et al. [26]. To date, previous works on surface states
based upon the effective mass parabolic conductionband model paid much less attention to the coupling
effect between normal and lateral motions of an electron. However, recently studies have showed that the
coupling effect due to the mismatch of electron effective mass in different thin layers lead to the significant dependence of the transmission probability on the
transverse wave vector kxy in single barrier [27] and
multibarrier [7,28] structures at zero magnetic field,
and in a infinite SL with structural defect at finite magnetic field [9].
In the present Letter, we investigated the effect of
the coupling between the normal and lateral motion
on surface states in a semi-infinite SL with a cap layer
by adopting an effect-barrier height method. A comparisons of surface electron levels between neglecting
and including this effect is made. Our results show that
the existence and features of the surface electron states
dramatically depend on the transverse wave number
and cap layer.
This Letter is organized as follows: in the next
section gives a brief description of the theoretical
framework of our calculation. The numerical results
are presented in the Section 3 with analyzes, and a
brief summarization is made in the last section.
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2. Model and formalism
We consider a structure as schematically depicted
in Fig. 1, in which a cap layer labelled as d (material
Alx Ga1−x As) with a thickness of Wd is embedded
between a semi-infinite SL with the unit cell composed
of a (GaAs) and b (Al0.3 Ga0.7 As) materials and a
semi-infinite homogeneous substrate (Aly Ga1−y As)
labelled as c. The potential heights of the materials
a, b, c and d are Ua , Ub , Uc and Ud , respectively.
The thicknesses of the constituent layers a and b are
Wa and Wb , respectively, and the period of the semiinfinite superlattice is W = Wa + Wb . We choose the
growth direction of the SL as the z-axis.
To obtain the surface states, one has to solve the
Schrödinger equation


h̄2 d 2
+ U (z) φ(z) = Eφ(z),
−
2m dz2

(1)

where m is the electron effective mass, U (z) is the
potential height function, and E the eigenenergy of
the surface state. The potential height is defined as
U (z) = Ua = 0 (in the a layer) and U (z) = Uβ (in
the β (β = b, c, d) layer), with Uβ is the offset of the
conduction band edge between β and a layer.
Within the envelope function effective-mass approximation, the 1D Schrödinger equation satisfied by
the longitudinal envelope-wave function φ(z) is described by
−

h̄2 d 1 d
φ(z) + U (z)φ(z)
2 dz m(z) dz

2 
h̄2 kxy
= E−
φ(z),
2m(z)

(2)

where kxy is the transverse wave vector, and U (z)
and m(z) the position-dependent potential and the
α
effective mass. From Eq. (1), we have Ezα = E − Exy
(α = a, b, c, d) representing the longitudinal energies
α = h̄2 k 2 /2m
of the electron in the α layer, where Exy
α
xy
is the transverse kinetic energies in the α layer.
Taken into account the difference of the effective
mass of the electron in different layer in a period of
the superlattice, i.e., ma = mb , both the transverse
kinetic-energy and longitudinal energy components
of the electron no longer keep their conservation
individually. We introduce an effective barrier height
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Fig. 1. Conduction-band profile of a semi-infinite superlattice with a cap layer d attached to semi-infinite homogeneous medium c. Wd , Wa
and Wb denote the thickness of the cap layer and the two constituent layers of the unit cell of the semi-infinite SL, respectively. Uc , Ud and Ub
denote the potential height of the substrate, the cap layer, and the barrier layer of the SL, respectively.

as


 2 2
ma h̄ kxy
Uβ (kxy ) = Uβ − 1 −
,
mβ 2ma

(3)

where Uβ is the potential height of the β layer.
Eq. (1) can then be rewritten as
−

h̄2 d 1 d
φ(z) + Ueff (z)φ(z) = Ez φ(z),
2 dz m(z) dz

W is the period of the SL, and qz is the attenuation
constant and its imaginary part should be positive for
the localized surface states. In the region 0 < z < Wd
we have
φ(z) = Ad eikd (z−zd ) + Bd e−ikd (z−zd ) ,

(4)

2 /2m ), and the effective
where Ez ≡ Eza = E − (h̄2 kxy
a
potential Ueff (z) is defined as follows

0
in the a layer,
Ueff (z) =
(5)
Uβ (kxy ) in the β layer.

From Eq. (4), it is evident that the longitudinal
component of the motion of the electron is dependent
on the transverse wave vector kxy when taking into
account the difference of the effective mass of the
electron in the different layers.
We now applying Eqs. (4), (5) to investigate localized electron levels in the structure as shown in Fig. 1.
The longitudinal envelope-wave function for the slab
of material a in the region nW < z < nW + Wa can be
written as

n
φ(z) = eiqz (n−1)W Aa eika (z−za −Wd )

n
(6)
+ Ba e−ika (z−za −Wd ) .
While for slab b in the region nW + Wa < z < (n +
1)W , we have

n
φ(z) = eiqz (n−1)W Ab eikb (z−zb −Wd −Wa )

n
(7)
+ Bb e−ikb (z−zb −Wd −Wa ) ,
where zan and zbn is the center coordinate of the a and
b layers in the nth (n = 1, 2, 3, . . .) period of the SL,

(8)

where zd represents the center coordinate of the d
layer. And in the region z < 0 the wave function
decays exponentially as
φ(z) = Ac ekc z ,

(9)

where the longitudinal wave number of the electron is
given by

kµ =

2mµ (Ez − Uµ,eff )

1/2
(µ = a, b, d),

h̄2

(10)

and

kc =

2mc (Uc,eff − Ez )
h̄2

1/2
.

(11)

Note that kc is real and positive, i.e., Ez < Uc,eff . For
localized electron states lying within minigaps, the
Bloch wave number qz should take a complex values
in the form as
qz =

nπ
+ iq
W

(q > 0, n = 1, 2, . . .).

(12)

n denotes the index of minigaps. It is worth pointing
out that the imaginary Bloch wave number q (decay
factor) reflects the localization degree of the localized
modes in the vicinity of the cap layer.
By imposing the boundary conditions at interfaces:
φ(z) and φ  (z)/m(z) should be continuous at each
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interface, we can obtain the following equations
1
cos(qz W ) − (P̂11 + P̂22 ) = 0,
(13)
2


e−iqz W − P̂11
(Fcd + 1) Ŝ21 + Ŝ22
P̂12


e−iqz W − P̂11 −ikd Wd
− (Fcd − 1) Ŝ11 + Ŝ12
e
P̂12
= 0,
(14)
where
Fcd =

ikd mc
,
md k c

(15)

Ŝ = T̂ −1 (md , kd , Wd )T̂ (ma , ka , −Wa ),
P̂ = T̂

−1

(16)

(ma , ka , Wa )M̂(mb , kb , Wb )

× T̂ (ma , ka , −Wa ),

(17)

with
M̂(m, k, z) = T̂ (m, k, −z)T̂ −1 (m, k, z),
and
T̂ (m, k, z) =



eikz/2
(ik/m)eikz/2

(18)


e−ikz/2
. (19)
(−ik/m)eikz/2

Eqs. (13), (14) determine the localized electron states
lying within the minigaps. For real Bloch wave number qz , Eq. (13) gives the dispersion relation of the
electronic states in SL. Here, it should be particularly
noted that in numerical studies of the dispersion relations of the surface electron states one seeks the roots
of Eq. (14). Once a root is found, it is necessary to insure that the imaginary part of the attenuation constant
qz determined by equation (13) is positive (namely
(qz ) > 0) for the surface electron states. In the following section, we present the results of numerical
calculations of the dispersion relation of the surface
states for the structure shown in Fig. 1. In the calculations, we employ those values of the potential function and the effective-mass values of Alx Ga1−x As:
U (x) = 944x meV and m(x) = (0.067 + 0.083x)me ,
me being the free-electron mass [4].

3. Numerical results and analyzes
We first take into account the influence of the transverse wave number kxy on the longitudinal energy
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components of the surface electron states. The calculated surface electron structures are shown in Fig. 2
for different concentrations y of the semi-infinite homogeneous substrate c: (a)–(f) correspond to y =
0.1, 0.15, 0.23, 0.4, 0.5 and 1.0, respectively. Here, we
take Wa = 4.0 nm, Wb = 4.0 nm and Wd = 0. The
structure in this case is, indeed, recovered to a semiinfinite SL attached to a semi-infinite homogeneous
substrate c. The lower and higher shade areas are denoted as miniband 1 and 2, and the three regions from
low to high separated by two allowed bands represent the first, second and third minigaps, respectively.
Here, note that the first and third minigaps lie at the
mini-Brillouin zone center, and the second minigap
at the zone edge. The dotted curves are for the longitudinal energy spectra of the surface states lying
in the corresponding minigaps. From Fig. 2, we can
clearly observe the evolution of the surface states with
the increase of the concentration y. Our calculated
results showed that when y < 0.3, there exists only
one surface state at the first minigap, and no surface
states at the other minigaps (see Fig. 2(a)–(c)). With
the increase of the concentration y, the surface state
shifts towards the higher-energy region, and gradually
merges into the bulk band from larger kxy to smaller,
finally vanishes when the concentration y is closed to
0.3, i.e., the barrier height of the substrate is nearly
equal to that of the SL. When the potential of the substrate is larger than that of the barrier layer of the SL
(i.e., Uc > Ub ), a surface state begins to arise from the
second minigap (see Fig. 2(d)). Moreover, it is also
seen clearly that a surface state appears in the third
minigap for certain kxy . From the figure, we can find
that the existence and the features of the surface states
in different minigaps are dependent on the concentration y and the transverse wave number kxy . Here,
one may inquire if the conservation of total number
of surface states in every minigap for every value of
the wave number kxy can be kept. We give physical
explanations for this as follows: the formation of the
bulk bands in SL results from the periodicity coupling
between two adjacent layers, while for a SL with inhomogeneous layers such as surface or defect layers,
the periodic coupling is locally broken down around
the inhomogeneous layer of the SL. The periodicitybroken coupling will leads to the appearance of the
new splitting levels. Some of them may lie within the
bulk bands and develop into the delocalized scattering
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Fig. 2. Electronic energy spectra as a function of the transverse wave number kxy for different concentration y of the semi-infinite homogeneous
substrate. (a)–(f) correspond to y = 0.1, 0.15, 0.23, 0.4, 0.5 and 1.0, respectively. The lower and higher shade areas denote the scope of the first
and second allowed minibands, respectively. The three regions from low to high separated by two minibands represent the first, second and
third minigaps, respectively. The dotted curves denote the energy spectra of the surface states inside minigaps.

states, and the other part of them reside in the minigaps and become surface states located in the vicinity of the surface. Though the conservation of the total number of surface states is broken, the conservation of the total number of all splitting levels including both the delocalized scattering states and surface
states is still kept for every value of the wave number kxy . Fig. 2 also shows that with the increasing of
the transverse wave number kxy all minibands, minigaps and localized energy levels always monotonically
shift towards lower-energy region, minibands become
broader and the minigap more narrow, and the change
of the higher-lying minibands and minigaps are faster
than that of the lower ones. These results are attributed
to the decrease of the effective-barrier height caused
by the coupling effect as the transverse wave number
kxy increases (see Eq. (3)).

Fig. 3 gives the calculated electron longitudinal
energy as a function of the potential height of the
substrate for different kxy : (a) for kxy = 0 and (b)
for kxy = 2.0(π/W ). It is obvious that all minibands,
minigaps and surface energy levels at kxy = 2.0(π/W )
are lower than that at kxy = 0, as is seen by comparing
Fig. 3(a) and (b). To study the localized properties of
the surface states at different transverse wave number
kxy , the modular square |φ|2 of the wave function of
the surface states was calculated for y = 0.15 (i.e.,
Uc = 141.6 meV), which was used in the experimental
observation of a surface state in superlattice [5], and
is shown in Fig. 4. As expected, the wavefunction
decays exponentially into the substrate and quickly
into the semi-infinite SL. Clearly, the wave function
is almost completely localized at the border of the
substrate and the first well. This is why we name these
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Fig. 3. Electronic energy spectra of the GaAs/Al0.3 Ga0.7 As SL, terminated by a Aly Ga1−y As substrate c, as a function of the Uc , for different
transverse wave number kxy : (a) for kxy = 0, (b) for kxy = 2.0(π/W ). The dotted curves are the localized energy spectra lying in minigaps,
respectively. Other parameters are the same as those in Fig. 2.

localized states as surface states. From Fig. 4, we can
see clearly that when kxy is smaller, its localization
become stronger. This is due to the fact that when
increasing the transverse wave number kxy , the effect
of coupling of the normal and lateral motion of an
electron becomes bigger and the wavefunction of the
electron penetrates further more into the substrate and
SL, and thus the localization degree of the electron
state become weaker.
In Fig. 5, we describe the dispersion curves of the
longitudinal energy components of the surface states
for the case where the concentration y of the semiinfinite homogeneous substrate c is fixed to unity
(AlAs), and the concentration x of the cap layer d is
varied from zero to unity: (a)–(f) correspond to x = 0,
0.2, 0.25, 0.27, 0.7 and 1.0, respectively. Here, we take
Wa = 4.0 nm, Wb = 4.0 nm and Wd = 3.0 nm. When
the x < 0.3 (i.e., Ud < Ub ), only one localized state
exists at the second and third minigap respectively.
The localized electronic levels monotonically shift
towards higher-energy region with an increase of x,
and emerges into the minibands at x = 0.3. It is

Fig. 4. The modular square |φ|2 of the wave functions of the
surface states in the first minigap for different transverse wave
number kxy : the dotted curve for kxy = 0, and the solid curve for
kxy = 2.0(π/W ), respectively.

interesting that the localized levels enter into the
miniband from 2.8π/W to zero at the second minigap,
while from zero to 2.8π/W in the third one. When
x > 0.3, one localized state appears at the second and
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Fig. 5. Electronic energy spectra as a function of the transverse wave number kxy for different concentration x of the cap layer. (a)–(g)
correspond to x = 0, 0.2, 0.25, 0.27, 0.7 and 1.0, respectively. The dotted curves denote the energy spectra of the surface states inside minigaps.
Others are the same as those in Fig. 2.

third minigap again, respectively, and monotonically
shift towards higher-energy region with an increase
of x. Fig. 5 clearly shows that all the localized states
sensitively depend on the concentration x of the cap
layer. The variation of the localized levels, minibands,
and minigaps with the transverse wave number kxy
is similar to those in Fig. 2. If it is taken that the
substrate potential Uc is larger than that of the SL
barrier (namely Uc < Ub ), similar features of the
surface states can be obtained. However, the surface
states only lie at the first minigap.
Fig. 6 describes the influence of the thickness Wd
of the cap layer on the electronic level of the surface
states for different kxy : (a) for kxy = 0 and (b) for
kxy = 2.0(π/W ). Here we take x = 0.3, and y = 1.0.
In this case, we have Uc > Ub . As a consequence,
the surface states have not been found at the first
minigap. The surface states exist in the second or

third minigaps only for some ranges of Wd . From
Fig. 6 it is clearly observed that with the increase of
Wd , the surface states monotonically decrease from
upper miniband to the lower miniband. By comparing
Fig. 6(a) with (b), we can find that the effect of the
transverse wave number kxy on minibands, minigaps
and surface energy levels is obvious.

4. Summary
In this Letter, we have studied, for the first time
to our knowledge, the coupling effect of the normal
and lateral motions on the surface electron states in
a semi-infinite SL with a cap layer and showed a detailed comparisons of surface electron levels between
neglecting and including this coupling effect within
the framework of the effective-mass theory. The ex-
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Fig. 6. Dependence of surface electron levels as a function of the width Wd of the cap layer at Uc > Ub (the substrate is AlAs) for different
transverse wave number kxy : (a) for kxy = 0, (b) for kxy = 2.0(π/W ). The dotted curves denote the energy spectra of surface states inside
minigaps. Others are the same as those in Fig. 2.

istence and properties of the surface electron states are
sensitively dependent on the transverse number kxy ,
and the concentration and thickness of the cap layer,
as well as the concentration y of the Aly Ga1−y As
substrate. It is found that with the increase of the
transverse wave number kxy minibands, minigaps and
surface levels monotonously shift towards the lowerenergy region, and minigaps become narrower and the
minibands broader. Moreover, the coupling effect is
more important on the higher-lying minibands, minigaps and surface electron states. In a word, the coupling effect between normal and lateral motions of an
electron should be considered when the difference of
the effective mass of the electron in the well and barrier layers cannot be neglected.
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