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A correction vector method within the multireference determinant single and double configuration
interaction approximation coupled with the semiempirical intermediate neglect of differential
overlap Hamiltonian has been developed for the computation of single and multiphoton absorption
spectra of conjugated molecules. We study the effect of  conjugation on these properties in the
extended rylenebis共dicarboximide兲s. The one-, two-, and three-photon absorption cross sections of
the lowest-lying excited states show a power law dependence on the conjugation length, with
exponents of about 1.3, 2.6, and 5.6, respectively. The maximum value of the three-photon
absorption cross section in these molecules is calculated to be 1.06⫻ 10−78 cm6 s2 / photon2 for
photon energy at 0.57 eV. © 2006 American Institute of Physics. 关DOI: 10.1063/1.2355676兴
I. INTRODUCTION

II. THEORETICAL METHODOLOGY

The study of organic conjugated molecules with efficient
multiphoton absorption 共MPA兲 properties has received considerable attention because of their potential applications in
the fields of optical power limiting,1–3 three-dimensional
共3D兲 fluorescence imaging,4,5 3D microfabrication,6 and photodynamics therapy.7 Three-photon absorption 共3PA兲 is a
process in which a molecule absorbs three photons simultaneously. Compared to two-photon absorption 共2PA兲, 3PAbased novel materials may exhibit two major advantages: 共1兲
much longer IR wavelengths can be used and 共2兲 much better
beam confinement can be achieved owing to the cubic dependence of nonlinear absorption on the local intensity of the
excitation IR light.8,9
It is well recognized that the large optical nonlinearities
in conjugated systems are determined primarily by the highly
delocalized  electron. It leads to low excitation energies
and large transition dipole moments, translating together into
high nonlinear electrical polarizabilities. Recently, Pschirer
et al.10 have synthesized a series of rylenebis共dicarboximide兲s which displays good chemical and thermal stabilities
and have remarkable photophysical properties. By extending
the aromatic  system along the molecular long axis, the
-electron conjugation length is elongated.
In this paper, we investigated the 3PA properties of these
molecules using correction vector 共CV兲 approach coupled
with multireference single and double configuration interaction 共MRDCI兲 method. The CV method is equivalent to sum
over states, but it needs only the ground state properties, thus
avoiding the impossible tasks of solving all the excited
states. It is found that by extending the -electron conjugation length the 3PA cross section at the resonance energy is
enhanced by two orders of magnitude.

The widely used theoretical method to calculate the nonlinear optical 共NLO兲 properties is the sum-over-states 共SOS兲
method.11 In this method, the NLO coefficients of a molecule
can be expressed as sums over transition dipole moment
products with transition energies as denominators. For example, the first-order polarizability ␣ can be expressed as
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具G兩
具G兩
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where 兩G典 and 兩R典 are the ground state and the excited state
wave vectors of the system, and EG and ER are the corresponding energies,  is the fundamental input frequency, ⌫
˜ i is the dipole disdenotes Lorentzian broadening factor, 
placement operator,
˜i = 
¯ i − 具G兩
¯ i兩G典,


共2兲

and the indices i and j are the Cartesian coordinates. As we
know, the practical application of SOS method usually involves a truncation in the summation, because it is extremely
difficult to obtain all the excited state information for a medium or large size of molecule with correlated  electrons.
This truncation may lead to uncontrolled errors. For multiphoton absorption, one can also use tensor approach,12,13
which also involves SOS but with less folds of summation.
This problem can be solved by employing the CV method as
first suggested by Ramasesha and Soos.14 The CV method
provides results which are exactly equal to those of a sum
over all states within a given configuration space. For the
two-photon absorption, the CV methods have been implemented in the semiempirical CISD framework.15 In this
method one can obtain the NLO coefficients without explicitly calculating the large number of excited states of the
Hamiltonian and the transition dipole moments among these
states. By introducing the correction vectors, the summation
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can be avoided. For the first-order polarizability ␣, starting
from the sum-over-state expression, it can also be expressed
as

␣ij共兲 = 兺
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where 兩共1兲
i 共兲典 and 兩i 共−兲典 are defined through the following first-order correction vector equation:
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In our calculations, the absolute values of ⌫1, ⌫2, and ⌫3 are
共2兲
set to be 0.1 eV. Formally, 兩共1兲
i 共1兲典, 兩ij 共1 , 2兲典, and
共3兲
兩ijk 共1 , 2 , 3兲典 can be expanded in the basis of the eigenstates of the Hamiltonian, 兵兩R典其, 兵兩S典其, and 兵兩T典其,
兩共1兲
i 共1兲典 = 兺 CR兩R典,
R
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共4兲
共5兲

In Eq. 共3兲, we have made use the mathematical fact that an
eigenvector 兩R典 of an operator H is also the eigenvector of a
function of the operator f共H兲.
Similarly, the second- and third-order correction vectors
共corrections to the ground state wave vector upon frequencyand
兩共3兲
dependent
perturbation兲,
兩共2兲
ij 共1 , 2兲典
ijk
⫻共1 , 2 , 3兲典, can be deduced, which obey the following
linear equations:

共6兲
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By comparing with the SOS formulation, the first-order polarizability ␣, the third-order polarizability ␥, and the fiveorder polarizability  can be written in terms of the correction vectors as
˜ j兩G典,
␣ij共 ; 1兲 = Pij具共1兲
i 共− 1兲兩

共11兲

˜ j兩共2兲
␥ijkl共 ; 1, 2, 3兲 = Pijkl具共1兲
i 共− 1 − 2 − 3兲兩
kl
⫻共− 1 − 2,− 1兲典,

共12兲

ijklmn共 ; 1, 2, 3, 4, 5兲
=

Pijklmn具共2兲
ij 共−

1 − 2,−

共3兲
˜ k兩lmn
1兲兩

⫻共− 3 − 4 − 5,− 3 − 4,− 3兲典.

2PA, 1 = 3 = , 2 = −, and for 3PA 1 = 3 = 4 = , 2
= 5 = −. Note that, in most linear conjugated systems, the
component of the MPA amplitude along the molecular long
axis is dominant to any other tensor component. So in the
following, only this component is calculated explicitly. Thus
the 1PA, 2PA, and 3PA cross sections 共1, 2, and 3兲 can be
expressed 共in cm2, cm4 s / photon, and cm6 s2 / photon2兲 as

1 =

4L2
共ប兲Im ␣xx共−  ; 兲,
បnc

共14兲

2 =

4  2L 4
共ប兲2 Im ␥xxxx共−  ; ,− , 兲,
បn2c2

共15兲

3 =

4  3L 6
共ប兲3 Im xxxxxx共−  ; ,− , , ,− 兲, 共16兲
3បn3c3

共13兲

Here,  = −1 − 2 − 3 − 4 − 5; the operators P generate
all permutations: 共 , i兲, 共1 , j兲, 共2 , k兲, 共3 , l兲, 共4 , m兲, and
共5 , n兲, leading to two terms for ␣, 24 terms for ␥, and 720
terms for . For one-photon absorption 共1PA兲, 1 = , for

共10兲

where c is the speed of light in vacuum, n is a refractive
index 共set to 1.0 in vacuum兲, and L = 共n2 + 2兲 / 3 denotes a
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local field correction. It is found that for the multiphoton
absorption, the contributions of resonant terms are dominant.
There are 4 and 36 resonant terms for 2PA and 3PA among
all 24 and 720 terms, respectively.13 Thus 2 and 3, when
averaged over molecular orientations assuming an isotropic
sample 共assuming linearly polarized light兲 can be written
as13,16

2 =

4 4  2L 4
共2兲
˜ x兩xx
共ប兲2 Im具共1兲
共− 2,− 兲典,
x 共− 兲兩
5 បn2c2
共17兲

3 =

FIG. 1. Chemical structures of the extended rylenebis共dicarboximide兲s. The
XYZ reference frame is also shown.

3643L6
共2兲
共3兲
˜ x兩xxx
共ប兲3 Im具xx
共− 2,− 兲兩
73បn3c3
⫻共− 3,− 2,− 兲典.

共18兲

The Hamiltonian matrix dimension is usually tremendously large. In general, it is impossible to diagonalize the
whole matrix to obtain all the excited states. However, for
the linear equations, Eqs. 共4兲–共7兲, only one vector is needed
to resolve, much as getting one eigenvector, which is certainly much easier numerically than to get all the eigenvectors.
It is necessary to find an effective approach to solve the
linear equations 共4兲–共7兲 to get a satisfactory 1PA, 2PA, or
3PA spectrum. We use a small matrix algorithm17 parallel to
Davidson’s diagonalization algorithm for solving these equations for both positive and negative .14 In this algorithm,
with a set of orthonormalized vectors Q, the large system
Ax = b is transformed to a small one QT AQy = QTb which can
be solved directly with the LAPACK program package.18 The
solution of the large system is obtained by the sum of the
transforming vectors Qi multiplied by the coefficients y i, x
n
y iQi. Then the residue vector Rn, which is the differ= 兺i=1
ence between the left-hand side and the right-hand side of the
large system, is calculated. If the desired convergence is not
achieved, the Q space is augmented by adding a new vector
Qn+1, which is the normalized projection of Sn perpendicular
to all old transforming vectors. The vector Sn is given by
Sn,i = Rn,i / Aii. Then the iterative process is continued. When
the size of small matrix exceeds a defined number N 共set to
50兲, the whole process is restarted with one transforming
vector Q1 = x. The initial Q1 is given by Q1,l = bi / Ail. For
nonpositive definite matrix A 共for instance, for negative 兲,
the linear equation is transformed to AT Ax = ATb. Then the
small matrix formulation is changed to be QT AT AQy
= QT ATb. The rest procedures are the same as before. That is
to say, the initial Q vector is given by Q1,i = bi / Aii, the residue vector Rn equals Ax − b, the vector Sn is given by Sn,i
= Rn,i / Aii, and the added Q vector is obtained by the same
way. If no component of the residue vector Rn is greater than
10−6, the iterative process is converged.
III. COMPUTATIONAL DETAILS

The chemical structures of the molecules studied in the
present work are displayed in Fig. 1. The molecules in
experiment10 are slightly different from those in our calculations. Namely, the alkyl or aryl and tert-octylphenoxy groups

are replaced by methyl and hydrogen groups, respectively,
for simplicity of computations. The ground state geometries
of the molecules are optimized at the density-functional
theory 共DFT兲 level with the hybrid Beck three-parameter
Lee-Yang-Parr 共B3LYP兲 functionals and the 6-31G basis set,
as implemented in the GAUSSIAN 03 package.19
From the optimized geometries, we constructed the multireference single and double configuration interaction20
coupled to the semiempirical intermediate neglect of differential overlap 共INDO兲 Hamiltonian21 共MRDCI/INDO兲 and
the transition dipole moment matrix. It is shown that the
MRDCI/INDO is necessary for calculating the higher-order
NLO properties of conjugated system. The MatagaNishimoto potential22 is used to describe the Coulomb repulsion terms. By diagonalizing the Hamiltonian for the lowestlying state 共not for many high-lying excited states兲, we
obtain the ground-state energy and its corresponding wave
function. In the MRDCI calculations, we only take  orbitals
into consideration.23 For molecules Naph2 and Naph3 the
active space includes all continuous highest occupied  orbitals and all continuous lowest unoccupied  orbitals. 11
occupied molecular orbitals and 11 unoccupied molecular
orbitals are included for other molecules. To construct the
configuration space, we choose six important reference configurations including the Hartree-Fock ground state, three
single-excitation configurations 关highest occupied molecular
orbital 共HOMO兲 → lowest unoccupied molecular orbital
共LUMO兲, HOMO− 1 → LUMO, and HOMO→ LUMO+ 1兴,
and two double-excitation configurations 共HOMO, HOMO
→ LUMO, LUMO and HOMO− 1, HOMO→ LUMO,
LUMO+ 1兲, amounting to about 220 000 configurations in
total. We note that in the standard ZINDO calculations, only 2
occupied and 2 unoccupied MOs have been taken in such
calculations for the 2PA properties and only about 200 configurations in total are taken in the CI calculations, namely
many important molecular orbitals as well as configuration
contributions have been vastly ignored.24 A previous extended version of ZINDO program has been successfully applied to calculate the nonlinear optical properties and multiphoton absorptions, which allowed up to 6000 configurations
of six occupied–six unoccupied active MO space.25 The
present approach has vastly exceeded these limits, which allows us to investigate larger molecules. We note that in DAL26
27
TON program package, the nonlinear response theory has
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TABLE I. Optimized ground state geometries of the calculated molecules.

been implemented to evaluate the MPA cross section. Indeed,
Luo and co-workers have extensively applied this approach
to design molecules with interesting MPA properties.28 However, we note that it is very difficult to obtain a dynamic
MPA spectrum from their method: the convergence is not
guaranteed when the input frequency or its multiples approach or exceed the lowest excited state energy. In principle, our approach is equivalent to the nonlinear response
approach. Since our method is always definite positive for
the linear algebra equation, the iteration is always converged
for any input frequency. To the best of our knowledge, this
work represents the first nonlinear response function method
for the full electronic spectroscopy, containing the resonance
features in the MPA spectra.

present the conjugation length, lowest two excited state excitation energy, and the transition moments obtained by our
MRDCI/INDO, the conjugation length of the molecules being taken as the distance between nitrogen atoms at both
ends of the chain.
For centrosymmetric systems, one of the most important
features is that the 2PA active state and the ground state are
of the same symmetry, but the symmetry of 1PA or 3PA
active state is the inverse symmetry of the ground state. We
find that for Naph7, the first singlet excited state 共S1兲 is a
2PA active state, the second singlet excited state 共S2兲 is a
1PA or 3PA active state, but the inverse case is for the other
molecules. As a result of the symmetry, the transition dipole
moment between the ground state and the 2PA active state is

IV. RESULTS AND DISCUSSION
A. Molecular geometries and electronic structure

The optimized ground-state geometries of the molecules
are displayed in Table I. The molecules are the fully planar
and centrosymmetric conjugated systems, which easily lead
to a highly delocalized -electron cloud. In Table II, we
TABLE II. The molecular conjugation length 共L兲, the excitation energies
共E01 and E02兲 of the first two singlet excited states 共S1 and S2兲, and the x
component of the transition dipole moments 共M 01 and M 02兲 between the
excited states and the ground state.
Molecule

Naph2

Naph3

Naph4

Naph5

Naph6

Naph7

L 共Å兲
E01 共eV兲
E02 共eV兲
M 01 共D兲
M 02 共D兲

11.42
2.89
3.43
9.47
0.00

15.76
2.47
2.68
12.56
0.00

20.09
2.19
2.35
15.56
0.00

24.43
2.02
2.12
18.26
0.00

28.76
1.82
1.84
21.65
0.00

33.10
1.69
1.69
0.00
24.37

FIG. 2. Evolution of the 1PA, 2PA, and 3PA cross sections obtained by the
tensor approach at the first peak of Naph2 as a function of the number of the
excited states involved in the summation. The square, circle, and triangle dot
lines correspond to 1PA, 2PA, and 3PA, respectively.

164505-5

J. Chem. Phys. 125, 164505 共2006兲

Three-photon absorption

FIG. 4. The calculated two-photon absorption spectra of Naph2 共square兲,
Naph3 共circle兲, Naph4 共upper triangle兲, Naph5 共lower triangle兲, Naph6 共diamond兲, and Naph7 共left triangle兲. 共1 GM= 10−50 cm4 s / photon兲.

FIG. 3. One-photon absorption spectrum: 共a兲 MRDCI-polarized linear absorption spectrum of Naph2. The open square and open circle dot lines
correspond to polarization along the X and Y axes, respectively. 共b兲 The
x-polarized linear absorption spectrum of the calculated molecules: Naph2
共square兲, Naph3 共circle兲, Naph4 共upper triangle兲, Naph5 共lower triangle兲,
Naph6 共diamond兲, and Naph7 共left triangle兲.

zero. We note that, by extending the conjugation length, the
excitation energies decrease and the difference between S1
and S2 becomes smaller and that the transition dipole moment between the ground state and the first 1PA active state
increases with the number of inserted naphthalene groups.
B. Convergence test

Before discussing the multiphoton absorption properties
of the studied molecules, we investigated the evolution of 1,

2, and 3 of Naph2 obtained by the tensor approach with
the number of the involved states at the photon energy of the
first peak. From Fig. 2, we find that the 1 obtained by the
tensor approach with a few states is virtually identical with
that by the CV method. However, 2 is underestimated by
ca. 38% including only five excited states in the summation,
while the inclusion of 20 excited states will lead to 2 being
overestimated by ca. 12%. 2 will not converge well until
including about 200 excited states. For 3, it is not converged all the time and is underestimated by ca. 16% even if
as many as 220 excited states are included. In one word, to
obtain the converged values, more and more excited states
must be required for increasing numbers of absorbed photons. Here, the advantage of CV method is clearly manifested that it gives directly the converged MPA spectra based
only on the ground state knowledge.
C. One-photon absorption

Figure 3共a兲 displays the MRDCI/INDO polarized absorption spectrum of Naph2. In the spectral range with lower
photon energy, the linear spectrum is characterized by the
x-polarized 共the direction connecting two N–N atoms, the
reference framework is also shown in Fig. 1兲 feature at ca.
2.9 eV. The y-polarized absorption peak at ca. 5.2 eV is
dominant in high-energy region. The experimental linear absorption spectrum10 of Naph2 is dominated by two features

TABLE III. The 1PA, 2PA, and 3PA photon energies at the first peak and the corresponding cross sections
共1, 2, and 3兲.

Molecule

1PA peak
共eV兲

2PA peak
共eV兲

3PA peak
共eV兲

1
共10−16 cm2兲

2
共GM兲

3
共10−80 cm6 s2 / photon2兲

Naph2
Naph3
Naph4
Naph5
Naph6
Naph7

2.89
2.48
2.20
2.02
1.82
1.70

1.72
1.35
1.18
1.07
0.93
0.86

0.97
0.83
0.74
0.68
0.61
0.57

3.43
5.16
7.01
8.91
11.27
13.31

47.0
86.0
193.4
366.8
468.4
637.8

0.26
2.27
7.56
24.59
51.05
106.46
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FIG. 5. The calculated three-photon absorption spectra of Naph2 共square兲,
Naph3 共circle兲, Naph4 共upper triangle兲, Naph5 共lower triangle兲, Naph6 共diamond兲, and Naph7 共left triangle兲. The spectra of Naph2 and Naph3 are
enlarged in the inset for the sake of clarity of presentation.

at 2.1 and 4.3 eV, respectively. In our investigation into
MPA we concentrate on the spectral range of low photon
energy for its potential application, therefore the y-polarized
effect plays a minor role in the MPA response and will not be
discussed further. The calculated x-polarized absorption
spectrum of all molecules is shown in Fig. 3共b兲. We note that
the overall shape of the spectrum compares very well to the
experimental spectrum in the range of low photon energy.
The increase of the conjugation length by adding extra naphthalene groups enhances the 1PA peak intensity and makes
the peak redshifted. It is expected that a similar change
should be observed for the 3PA due to the same transition
rules for 1PA and 3PA.
D. Two-photon absorption

The simulated 2PA spectra of the studied molecules are
shown in Fig. 4. We find that the 2PA cross section is sizable
and the spectrum is dominated by a single peak associated
with a singlet excited state 共S2 for Naph2 to Naph6 and S1
for Naph7兲. With the increase of the conjugation length, such
as going from Naph2 to Naph7, the 2PA peak is redshifted
and the 2 of Naph7 is enhanced by ca. 13 times compared
with Naph2, amounting to 637.8 GM at 0.86 eV 共see Table
III兲.
E. Three-photon absorption

Figure 5 shows the calculated frequency-dependent 3PA
spectra of the six molecules in a spectral range for which the
molecules are transparent for both 1PA and 2PA. As in the
case of 2PA, the 3PA spectra in the calculated region are
characterized by the presence of a single strong resonance
related to the lowest 1PA active state 共S1 for Naph2 to
Naph6, S2 for Npah7兲. As expected, with the increase of the
conjugation length from Naph2 to Naph7, the 3PA peak is
redshifted and the corresponding 3 is enhanced. For instance, the 3 of Naph7 is about two orders of magnitude
larger than that of Naph2, amounting to 1.06
⫻ 10−78 cm6 s2 / photon2 and the photon energy at the peak is

FIG. 6. The log-log plot of cross section vs the molecule length 关ln共1兲,
ln共2兲, ln共3兲 vs ln共L兲, where  value is taken at the first peak兴. The square,
circle, and triangle dot lines correspond to 1PA, 2PA, and 3PA, respectively.

reduced by 0.4 eV 共see Table III兲. A power law dependence
on the -electron conjugation lengths of 1, 2, and 3 is
presented in Fig. 6 for all calculated molecules. The simulated exponents are 1.3, 2.6, and 5.6 for 1PA, 2PA, and 3PA,
respectively. The much larger power of increase for 3 compared with 2 and 1 can be induced by the higher orders of
transition dipole moment products and detuned transition energy denominators.

V. CONCLUSIONS

To summarize, we have successfully implemented the
correction vector method for the computation of dynamic
single and multiphoton absorption spectra of -conjugated
systems within the multireference determinants with single
and double configuration interaction approximation coupled
with the semiempirical intermediate neglect of differential
overlap Hamiltonian. It is shown that the ground-state-based
CV method is exactly equivalent to the SOS method but
avoids the difficulty to resolve excited states. From our calculations, it is shown that within the SOS approach, even
when considering a few hundred excited states, the result is
still far from the converged value for 3PA. The effect of the
-electron conjugation length on the one-, two-, and threephoton absorption properties in extended rylenebis共dicarboximide兲s is investigated. The one-, two-, and three-photon absorption cross sections of the lowest-lying excited states
show a power law dependence on the conjugation length,
with exponents of about 1.3, 2.6, and 5.6, respectively. The
maximum value of the three-photon absorption cross section
in these molecules is calculated to be 1.06
⫻ 10−78 cm6 s2 / photon2 for photon energy at 0.57 eV.
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