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Fig. 1 Graphical representation of matrix product state/operator(MPS/MPO) of

wavefunction and operator
(A) General wavefunction represented with MPS; (B) operator represented with MPO; (C) mixed-canonical MPS representation

of wavefunction, the pink circle is C”', matrices to the left is left-normalized(D), to the right is right-normalized(E).
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Fig. 2 Adding two different MPOs
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Fig.3 Applying an MPO to an MPS
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Fig. 4 Overlaps and expectation values
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Fig. 5 Eigenvalue problem when minimizing the Lagrangian with respect to local matrix C”'
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Fig. 6 Graphical representation of minimizing the Lagrangian with respect to local matrix 4°*
(A) Linear equation problem of optimizing A”", A”" is marked in purple; (B) when sweep to left, Singular value decomposition
(SVD) of A7 each time after solving the local linear equation and update the local site A”" and meanwhile obtain the guess for

A% Copyright 2020, American Chemical Society.
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e, M FHBCAE D, XTI RS (v), BT LLE LT Chebyshev 23 HE T/ IT .

1 1 i 1
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=1 I LIBRED AT RO
Horr ) T, () IR =B AR
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PreefErh, S TR Af e w R i, ZR o e [-W, W], HAp W Bg/hF 1.
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C T T T
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a
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- | ; 2w &
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X, g, 2RE RE, X2 i TAESEPRRAE h Z N RE R TFRITET5 W, PR 257 A i i) 75 A B i
%, 5l A g, AT LR RIS EIE RO, Wnfe s F Y Jackson R %05 Lorentz 2 50 0] 3 FIAE A0 % %5 [] 15
#] Gaussian JTETE () = ma V' 1 - ©? IN5 Lorentz FE T n(w) = Aa V' 1 — 0 IN R

™ . T 0y
J=(N—n+l)cosm+smN+lcotN+l (32)
& N+1
sinh [A(1 - %)]
L= 33
& sinh A (33)
B GDARAR(27) AT 15

2w’ & (34)

S(w)=—"""— +2 ST (0 34

(w) me[gmu’o ’;g m ( ):|
Hrw, = <t0‘t0>?ﬁﬁd‘7 Chebyshev A [, “nﬁﬁﬁ:mﬁfﬁ%%:

‘tn>: 2HA(; tn—l>_‘tn—2> (35>

s, o) = 3o} fn) = ).

T R G R 1] W AT AR, I 4 145 0 2 I 5 B AR 2 (28
TSR b, A PN 03 X Tl M T RS A RE B2 1 S B, TR PTG — A R0
R W AREE] - 120 S W< Wi, R AR ), 3T i B rh 25 A
RS CRPRLT A ORI T 194N, 0K B0 T ORI AL, ZELSILT | SUARAT A BEEA T
SR RN R ™, 5 A Al AT BT A B REAS . P T HL A R AR LML
ELHEAR IR, TR S 7E BRI A AT THRAE | TES 1A AR 1 T AEARIE T 19 Ay, FHIRE ARy d, 19
Krylov T2, 4 Hg 76725 I F R ERORT A A6 1T LLSEIR AR R B2 X (KT 1 A4 fk e ), A0t it
FEAEP = 1= Y Jew)(ea|, MR ) 958 i 4, BT — A0, e, BUGZRAE RN &
FEVEREMSE , JFBAT PR D5 7T LUK R B A R, n, 5 d, HOSRAR AL A5 R BT AR F, m,
5 d, TR T YA
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RT3, e, XIURN AR L I R A L vk g e g [ =K (15) ], Hk, 2
DMRG 454 Z T, Lanczos J71% . CV 771 LA K Chebyshev 22 55 2 75 B onh 37 i FH K 1 42K f e vk
MR BREL . 5 EIR AN]SR AL R Y DMRG J7 i3 T DMRG B4 RE TR AR G544 , 38 b i 2
VS B HET U pR BT SR S AR X T A AR S i o 77

XFFH 1 PO TF R G0 REUIR A RN, IS W R

) = S L0 CORY R w0 (36)
{i}
b, EfR RERGALIIIGNE . HRGLIINII Y (1) = Ve + Ve M, i
it R

e Egt

L(t)= (L0 + L(1) + +++)e”
C(1)=(CO + CI (1) + +++)e™ (37)
R.(t)= (RO + RO(1) + -+ )e ™
W (36) X BT ETE L i0,C. (1) = H,(1)C, (1), FEIRE B, alf8ss i s S —
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Fig. 7 Graphical representation of obtaining the ensemble expectation value of operator(marked in

blue) by thermal field dynamics

~ A 1 BB . E,

<¢T0”®I("¢T>=z(g),z,e 2o 2 (i]0,]))s, iz # (i 0]i)=Tr(p,0)  (45)
Hitt, p T AR 9 pys = Trg|¥r)(Wa|, ST |br) = i, fDMRG El’Jﬂ: R, B8 I AR e
[ 755 (BT MPSIMPO [ 75 , AT LA 38— 3 B A 788 4 0L A A )= py

Al LAE RERT Rl « = 031k 3] 7 = B2 F35
2 ()= Hop(c) (46)

JaT
T2 (46) R K IEW , R —% 5., p() it ((p(2)p(0))) = Te(p' () p(2)) = 1 AT

—fk.
IR p (0) = |[1)IEAE T ICHR L N AR R A A (LR, 2280 AR, ol gaRoR

HM = 1 MPO, p( 0)—HZ*\">< i

4.2 Lanczos DMRG
Preloviek "% M 575 — A1 BEIE 2 X RIS A 12RAFE 1 X0 I ARUAS B POF A 9% B A 1, DATTKE: Lanc-
zos DMRG Y B R TAIRIFSE . T > OB S EHEIER RN

- 1 _ﬁﬁu j— 1 N -BE,
p=_e "= Z”E:l\n>e (n| (47)
T BEHLE AR 1L [r) = Y B, [n), ¥ p IR

P

R

N & By
=R e Inrle (48)
A, ROVEFERSECE . X )i Lanczos $ACAS 2] =X H.,;, Xﬁﬁ{tﬁ%iﬂééﬂfﬁﬁﬁ[ﬂﬁwv[))&tﬁc?ﬁ
i eri = 1,2, -, M), WNIRHF ™ (R F|r) AL

T
9.)= e 7 i) (49)
I
N R - -
p= e 2l )i (50)

XA BRI A9 A AHSE R X () [ I3 (12) ]

1 -
(@)= 5 Xe™ <

TEMHEZR T, A
' _ N R M y 1
)= ZRZZeB w- (e - €)+in

n> (51)

v ) (wy

x (rfurr) (] A'

Alr) (52)



2620 HEFRMAFEFIR Vol.41

U ) 55 e S LL A ) P RS 1Y Lancaos [ KO I HORFF AL
4.3 Dynamical DMRG

I , Shuai 45 1 MPS HOEL T , 3 40 (LA BEAE W (0 7 MRS 747 BRI T 9 DDMRG. 44 F-
7 BRI R TR B S () (B HRH 27

. 1 .
- 0'——0,
S(w) = - nhl% Im< w—1+in ,05> (53)
IEH, CV 2 Sy
C(w)= ——— py® (54)
(w -L+ in)

py> X (46) i EIHEALIFF], C(w)—1MPO F/RIVELF, HHEHE X (w) T AL 00 F SRR IE
E
(0 = L) + )X (w) = —n0p)> (55)
ST AT R F
F=Tr (X' (0= L) +n))X + 29X'0p)) (56)
X () 1R (55) ), FEAGFARif/ME, RN R S (o) = -F,. /7. X () 7] LG#E R AR 7
FEOFI0A, = OCT =) #AT AL Canl&l 8 i ) -

oF . 0X ) X - 0x
—=Tr{X'[(w - H)P + 7] — +2X (0 - H)) —H, + X'—HZ + pp)?fi——1}=0  (57)
9A” 9A” 9A” 9A” 9A”
‘‘‘‘‘‘ 4
2 + N

Fig. 8 Linear equation 0F/9A” = 0(Eq. 55) to optimize the local site A”(in purple) at finite temperature'*
A%(j # i) is marked in red. The operators @ — H H() “, pl/2 are shown in blue.
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Fig. 9 Representation of extended Hubbard -
Peierls model
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Fig. 10 Plot of the log of average third-order polarizability 7 vs. log of the chain length L®
Hubbard chain with three different values of U/t for 6=0(A) and 6=0. 09(B); Hubbard-Peierls chain with three different values
of U/t and V/i=1 for 6=0(C) and 6=0. 09(D).

Copyright 1999, American Physical Society.
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Jeckelmann"'J£F CV-DMRG J 4 H T DDMRG 5, 38 b 580 - 1 S B sR B0 F IR
TEANE JEIE AR LT ORI (V = 0) I G HL 3% (WL 1), 472083 (62) 71 Hubbard 5 (U = 0) i,
IR T H B AR, IO G 3T DO # R %, 18 11(A) AT UL, JET DDMRG (45
RGHER R e R A, BDUE T %07 R IR AL R . B 11 (B) il T X T Mott-Hubbard #7 |
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Fig. 11 Optical conductivity calculated by DDMRG""
(A) Peierls insulator with U=0 and 6=0. 3, both DDMRG result for a 128-site chain and the exact result in the thermodynamic
limit are shown(broadening width 7=0. 05¢); (B) optical conductivity on a 128-site chain for: Mott-Hubbard insulator with U=
3¢, 6=0(dashed), Peierls insulator with U=0, 6=0. 15(dot dashed), and Hubbard-Peierls insulator with U=2. 3¢, §=0. 075(solid),
broadening width n=0. 1z.
Copyright 2002, American Physical Society.
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Fig. 12 Dependence ofthe local density of states at the central site of a hydrogen chain(N=10) with

different bond dimensions"*

A broadening(n) of 0. 005 a. u. has been used. (A) DDMRG result, (B) TD-DMRG result.
Copyright 2017, American Chemical Society.
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Fig. 13 Dynamical properties of Holstein model*”!
(A) Drude weight D and the kinetic energy per site T as a function of the electron-phonon coupling y; (B) the
incoherent part of the optical conductivity o’ (w) in the quasi-free electron regime(y = 0.3t) and in the small
polaron regime(y = 2.5¢).
Copyright 1999, American Physical Society.
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Fig. 14 Graphical representation of molecular aggregates

characterized by Holstein model
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Fig. 15 Relative error for J- and H-aggregates with different Huang-Rhys factor (S <[ 1.0, 3.0,5.0])
across different temperature (k,T <[ 0.5w,, @), 2cw,])
Note the error of DDMRG at kT = 0.5w, is magnified by 50 times to make it clearly visible. (A) Absorption;
(B) emission.
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Fig. 16 0-0 emission strength I"* as a function of T~ for different excitonic coupling J (A linear
relation between them is predicted by strong excitonic coupling perturbation theory™”)*
(A) J, = =250y (B) J, = —0.25w,; (C) J, = —0.0250,.
Copyright 2020, American Chemical Society.
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Fig. 17 Comparison between DDMRG and n-particle approximation'™”’

(A) Relative error of 0-0 emission strength of an open boundary 5-site system using n-particle approximation and DDMRG ;
(B) the emission spectrum at kyT=w, with broadening width 1 = 0.1w,, the pre-factor of the frequency index of the line
strength is omitted.
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Fig. 18 Linear absorption spectrum (omit the pre-factor of the frequency index) of dimer model using

CheMPS and the comparison with DDMRG
(A) At zero temperature T=0; (B)at finite temperature k, T=w/2.
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Fig. 19 Linear absorption spectrum using different numbers of Chebyshev moments for expansion
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Frequency Domain Density Matrix Renormalization Group'

JIANG Tong, REN Jiajun, SHUAI Zhigang
(Key Laboratory of Organic OptoElectronics and Molecular Engineering , Ministry of Education,
Department of Chemistry, Tsinghua University , Beijing 100084, China)

Abstract Density matrix renormalization group (DMRG) has been developed for electron correlation in low-
dimensional system and has been quickly applied to quantum chemistry as a powerful method for electronic
structure calculation and for quantum dynamics of complex system. After more than 20 years of development, a
series of effective methods for calculating dynamic response properties within DMRG have been developed
and have been extensively applied for spectroscopy. We will first briefly describe the main features of DMRG,
including its matrix product state (MPS) formulation. Based on the linear response theory, we focus on descri-
bing the DMRG algorithms in frequency domain to solve the response properties both for zero temperature and
finite temperature. We then introduce several most relevant applications in electronic correlation problems and
electron-phonon correlation problems.

Keywords Density matrix renormalization group(DMRG) ; Matrix product state; Linear response property ;

Molecular aggregate ; Electron-phonon coupling
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